In the framework of Einstein-Yang-Mills theories, we study the gauge Lorentz group and establish a particular equivalence between this case and a certain class of theories with torsion within Riemann-Cartan space-times. This relation is specially useful in order to simplify the problem of finding exact solutions to the Einstein-Yang-Mills equations. Solutions for non-vanishing torsion with rotation and reflection symmetries are presented by the explicit use of this correspondence. Although these solutions were found in previous literature by a different approach, our method provides an alternative way to obtain them and it may be used in future research to find other exact solutions within this theory.
I. INTRODUCTION
The research of the Einstein-Yang-Mills (EYM) model has shown to be a field of successful results. In the same way that we can find solutions in General Relativity (GR) with abelian gauge bosons [1] , we can also find more general solutions in presence of non-abelian vector fields with a large number of interesting properties, despite the non-hair conjecture [2] . The first non-abelian solution in presence of curved space-time was found numerically by Bartnik and McKinnon in the four dimensional static spherically symmetric EYM-SU(2) theory [3] . It is a particle-like system, unlike the abelian case given by the U(1) gauge group of the Einstein-Maxwell theory where such a distribution is prohibited, but the same EYM model does also contain a black hole configuration [4] .
Increasing the number n of dimensions of the space-time, new exact solutions for the EYM-SO(n-2) case were found by the Wu-Yang ansatz [5] . In our work, we arrive to the same result by making use of a spin connection ansatz with Yang-Mills charge within a Riemann-Cartan (RC) space-time.
From a mathematical point of view, any gauge field over a pseudo-Riemannian manifold M (i. e. coupled to gravity) is associated with a Lie group G and it is expressed by a connection 1-form A in the principal bundle P (M, G), which takes values on the Lie algebra. This gauge connection defines a covariant derivative on the tangent bundle of G and the subsequent 2-form gauge curvature F , which constitutes the physical field playing the role of carrier of an interaction (i. e. the YM field if G is a non-abelian Lie group) [6] :
where σ is related to the coupling constant. Then, the following commutating relation is satisfied:
where
ρµ are the components of the Riemann tensor derived from the Levi-Civita connection.
Their behaviour under a gauge transformation S ∈ G allows to construct minimal coupling actions. In terms of their components, it is given by the following rules:
On the other hand, RC space-times incorporate the notion of torsion as the antisymmetric part of the affine connection on the manifold:
Note that the notation with tilde refers to elements defined within the RC manifold and with the absence of tilde to elements defined within the torsion-free pseudo-Riemannian manifold.
In spite of the affine connection does not transform like a tensor under a general change of coordinates, its antisymmetric part does (i. e. torsion is a third rank tensor and it cannot be locally vanished). Furthermore, whereas curvature is related to the rotation of a vector along an infinitesimal path over the space-time, torsion is related to the translation and it has deep geometrical implications, such as breaking infinitesimal parallelograms on the manifold [7] .
Thus, unlike the torsion-free case where the geometry is completely described by the metric (i. e. the affine connection corresponds to the Levi-Civita connection), the presence of torsion introduces independent characteristics and it modifies the expression of the affine connection in the following form:
is the so called contorsion tensor and it fulfills K λ ρµ = − K ρ λ µ , in order to preserve the metricity condition∇ λ g µν = 0 (i. e. the total covariant derivative of the metric tensor vanishes identically).
One of the most fundamental aspects by introducing these new geometrical characteristics within a physical theory of space-time and matter beyond GR is its main role as a dynamical field if higher order curvature and torsion terms are included in the Lagrangian: whereas the so called Einstein-Cartan theory only incorporates first order corrections in the Lagrangian and therefore no propagation torsion is allowed, second order corrections describe a Lagrangian with dynamical torsion depending on ten parameters [8, 9] .
In the present work, we use these notions about the EYM theory and the Quadratic Gravitation theory with propagating torsion to bridge the gap between both in a very special case. Indeed, under a simple class of additional restrictions, we shall see that our assumptions allow us to obtain different classes of exact solutions to the EYM equations and to study other possible configurations in such a case. This paper is organized as follows. Section II presents the general EYM-Lorentz field equations, as well as these equations under the spin connection ansatz and its equivalence with a particular Quadratic Gravitational theory of second order in the curvature term with dynamical torsion. The general expressions for the metric and the torsion tensor under rotations and reflections in the static spherically symmetric space-time are shown in Section III. We apply these particular conditions and find the respective solutions for the torsion and torsionless cases in Section IV. Finally, the conclusions obtained from our analysis are presented in Section V.
II. EYM-LORENTZ ANSATZ AND CONDITIONS
We will use Planck units throughout this work (G = c =h = 1) and consider for the EYM-Lorentz theory the following Lagrangian:
where the minimal coupling is assumed. Then, the EYM equations derived from this action by performing variations with respect to the metric tensor and the gauge connection are:
g µν is the Einstein tensor and T µν = 1 4π tr 1 4 g µν F λρ F λρ − F µρ F ν ρ the energy-momentum tensor of the YM field. Furthermore, the divergenceless of the Einstein tensor implies the following conservation law for the energy-momentum tensor:
It is shown that these field equations merge both the aspects of gravity and the gauge field. They typically constitute a complicated non-linear system of equations and additional constraints are usually required, in order to simplify the problem and to be able to restrict to particular cases.
Then, as previously remarked, we consider the following ansatz to describe the Lorentz gauge connection and to find solutions:
This expression represents a spin connection on a RC space-time (i. e. a curved space-time in presence of torsion), so it can be regarded as the gauge field generated by local Lorentz transformations in such a case. The gauge connection can be written as A µ = A 
By using the antisymmetric property of the gauge connection with respect to the Lorentz indeces: A ab µ = − A ba µ , we can write the field strength tensor as
Finally, by taking into account the orthogonal property of the tetrad field e a λ e a ρ = δ λ ρ and setting σ = Q, the field strength tensor takes the form [10, 11] :
withR λ ρµν the components of the Riemann tensor of a RC space-time. Rewriting the above EYM action under the spin connection ansatz, it turns out that it is equivalent to the following quadratic gravity action in presence of torsion:
withñ = n andñ = n − 1 for even and odd n. Therefore, the EYM Equations (9) and (10) for such a case can be expressed in terms of geometrical quantities, respectively:
Thus, if a certain class of space-time symmetries are imposed, then not only the condition L ξ g µν = 0 must be satisfied, but also L ξ T λ µν = 0 (i.e. the Lie derivative in the direction of the Killing field ξ on T λ µν vanishes), in order to preserve the reasonable curvature and torsion symmetries.
III. SPHERICAL AND REFLECTION SYMMETRIES
The metric of a n-dimensional static spherically symmetric space-time can be written as
where dΩ n−2 = dθ
Then, it can be shown that the only non-vanishing components of T λ µν are [12, 13] :
Therefore, in addition to the two functions associated with the metric, for n = 4 dimensions, there are still a total number of eight unknown independent functions to solve the EYM equations. Furthermore, imposing reflection symmetry (i.e. O(3) spherical symmetry) requires that d(r), h(r), k(r) and l(r) vanish, so that the number reduces to four.
IV. SOLUTIONS
In order to categorize all the possible solutions, we can rewrite the YM Equations (17) into the following form:
ρµ is the torsion contribution to the curvature tensor of the RC space-time, so that we can distinguish between the torsionfree and the torsion parts.
On the other hand, according to the second Bianchi identity for a pseudo-Riemannian manifold, the components of the Riemann tensor in such a manifold satisfy:
By contracting this expression with the metric tensor and considering the above form of the YM equations it is straightforward to obtain the following condition for our EYMLorentz model:
In addition, the conservation law (11) of the energy-momentum tensor turns out to be equivalent to the following expression:
These expressions are shown as generic conditions of this model and they will allow us to classify all the possible configurations in certain cases.
A. Torsionless case
For the torsionless case, the following constraint is satisfied:
with:
Thus, the existence of the integrability condition R [µν|λ ω R |ρ]ω = 0 allows to solve this equation and obtain the following solutions [14] :
where b is a constant. Therefore, the only possible geometries for the torsionless case correspond to Einstein manifolds. Note that the traceless of the energy-momentum tensor of the YM field in four dimensions implies that b = 0 in such a case, so that these solutions satisfy R µν = 0 (i. e. the space-time is Ricci-flat). On the other hand, by increasing the number of dimensions, the YM field acts as a cosmological constant in the Einstein equations [15] .
B. Non-vanishing torsion case
The condition (23) equal to zero implies the existence of Einstein manifolds solutions even for the case of a non-vanishing torsion. However, other geometries are allowed due to the presence of a propagating torsion according to the generic conditions (23) and (24).
Particularly, for a n-dimensional static spherically symmetric space-time, if we simplify the problem by the previous considerations, it is possible to find the following purely magnetic black hole solutions to the EYM equations with O(n-1) symmetric torsion (rotation and reflection symmetric):
;
Although these geometries are asymptotically flat, for n = 5 and n ≥ 6 dimensions their Arnowitt-Deser-Misner (ADM) mass [16] diverges as ln(r) and r n−5 , respectively. Nevertheless, solutions with finite ADM mass are found by including higher order terms of the YM hierarchy in the Lagrangian [17, 18] .
Finally, the non-vanishing components of the field strength tensor are:
For n = 4 dimensions, the system reduces to the EYM-SO(2) case, which is indeed equivalent to the magnetic Einstein-Maxwell solution, because of the isomorphism between SO(2) and the U(1) group. On the other hand, for n ≥ 5 dimensions we can interpret the existence of these EYM-SO(n-2) solutions as the coupling of a hypothetical non-trivial YM-Lorentz magnetic field to gravity. It has been shown by different ways that these solutions have a number of interesting properties and they are compatible with the existence of a cosmological constant and Maxwell fields, as well as with modified theories of gravity, such a Gauss-Bonnet Gravity [5, 19] .
This work completes our previous study on EYM theory presented in [15] . More general solutions may be found using this method, specially for n = 4 dimensions since the L ξ T λ µν = 0 condition allows a richer structure than for any other number of dimensions.
V. CONCLUSIONS
In this article, we have presented a new method to find exact solutions to the EYMLorentz theory, based on the equivalence between the EYM system and a certain class of quadratic gravity theories in presence of torsion, reached under the restriction introduced by the spin connection ansatz. The available configurations can be categorized into the torsionless and the non-vanishing torsion cases, according to general conditions. For the torsionless branch, it is shown that the only possible geometries correspond to Einstein manifolds, whereas for the non-vanishing torsion branch the role of the YM fields are totally different and other families of solutions emerge. These solutions describe a sort of purely magnetic black holes with YM-Lorentz charge and they were found earlier by different approaches [5, 19] . Distinct classes of EYM-Lorentz systems physically meaningful may be found using our ansatz, specially in n = 4 dimensions because the L ξ T λ µν = 0 condition could allow more complex solutions.
For the development of this aim, the general condition∇ λ g µν = 0 still holds, but it could be also possible to deal with the same analysis relaxing this restriction, in order to find different EYM systems with such a property. Within this framework, an interesting and simple case is the so called Weyl-Cartan geometry, where the non-metricity condition is expressed as∇ λ g µν = w λ g µν , so that the number of irreducible decomposition pieces of non-metricity reduces to the Weyl 1-form w [20] . Further research following this lines of study will be addressed in the future.
